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^ Abstract: We investigate N = (2, 2) supersymmetric nonlinear cj-models in the presence 

'— ' of a boundary. We restrict our attention to the case where the bulk geometry is described 

^— I by chiral and twisted chiral superfields corresponding to a bihermitian bulk geometry with 

two commuting complex structures. The D-brane configurations preserving an iV = 2 
ly-j worldsheet supersymmetry are identified. Duality transformations interchanging chiral 

for twisted chiral fields and vice versa while preserving all supersymmetries are explicitly 
constructed. We illustrate our results with various explicit examples such as the WZW- 
model on the Hopf surface S'^xS^. The duality transformations provide e.g new examples of 
coisotropic A-branes on Kahler manifolds (which are not necessarily hyper-Kahler). Finally, 
• • by dualizing a chiral and a twisted chiral field to a semi-chiral multiplet, we initiate the 



X 



study of D-branes in bihermitian geometries where the cokernel of the commutator of the 
complex structures is non-empty. 
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1. Introduction 



Non-linear cr-models in two dimensions with an AT = (2,2) supersymmetry, [l]-[4], are 
an important tool in the study of type II superstrings in the absence of R-R fluxes. The 
(local) target space geometry of such models is characterized by a metric, a closed 3-form 
and two complex structures. The complex structures are covariantly constant and the 
metric is hermitian with respect to both complex structures. These conditions can be 
solved in terms of a single real potential, [5] (building on results in [6]-[9]), which has a 
natural interpretation in d = 2, N = (2, 2) superspace where it is the Lagrange density. 
The Lagrange density is a function of three types of scalar superfields (satisfying certain 
constraints Hnear in the superspace derivatives) [5], [10]: chiral, twisted chiral and semi- 
chiral superfields. 

Whenever one wants to deal with (open) strings propagating in backgrounds which 
include D-branes one necessarily needs to confront N = (2,2) non-linear cr-models with 
boundaries. Having a boundary breaks the N = (2, 2) supersymmetry down to an AT = 2 
supersymmetry. While a lot of attention has been devoted to these models [11]-[17], their 
full description in A'^ = 2 superspace remained till recently an unstudied problem. An 
initial investigation in [18] showed that this was straightforward as long as one only deals 
with chiral fields or put differently as long as one considers B-branes on Kahler manifolds. 
In [19] this was extended to A-branes on Kahler manifolds. The field content of these 
models consists exclusively of twisted chiral fields. The treatment of twisted chiral fields 
in. N = 2 boundary superspace turned out to be rather subtle and an elegant and rich 
structure emerged. Duality transformations turning A- into B-branes and vice- versa were 
developed as well. 

Kahler manifolds are only a particular example of the geometries which allow for an 
N = (2,2) bulk supersymmetry. In general such a geometry is called bihermitian. In the 
present paper we extend the analysis of [19] to bihermitian geometries restricting ourselves 
to the simplest non-trivial case in which the two complex structures associated with the 
bihermitian geometry mutually commute. In N = (2, 2) superspace this corresponds to the 
case in which the bulk geometry is parameterized by chiral and twisted chiral superfields 
simultaneously. While still relatively simple, these models already encompass the Kahler 
case as they allow for non-trivial NS-NS backgrounds. 

Finally, let us remark that the study of D-branes in the most general bihermitian 
geometry requires the introduction of semi-chiral N = (2, 2) superfields as well. This will 
appear elsewhere [20]. 

This paper is organized as follows. In the next section we briefly review supersymmetric 
non-linear cr-models in = 1 boundary superspace. Section 3 introduces N = 2 boundary 
superspace together with the chiral and twisted chiral superflelds. In section 4 we determine 
the boundary conditions which are allowed in the presence of chiral and twisted chiral 
superflelds. The results of section 4 are illustrated by several explicit examples in section 
5. The next section discusses duality transformations which interchange chiral for twisted 
chiral fields and vice-versa. In addition we also briefly discuss the duality between a pair 
consisting of a chiral and a twisted chiral superfield and a semi-chiral multiplet. We end 
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with conclusions and an outlook. Our conventions are summarized in the appendix. 



2. From = (1, 1) to = 1 

In the absence of boundaries a non-linear cr-model (with < (1, 1)) on some d-dimensional 
target manifold Ai is characterized by a metric gab^X) and a closed 3-form Tabci^) (the 
latter is known as the torsion, the Kalb-Ramond 3-form or the NS-NS form) on Ai where 
X"' are local coordinates on M and a,b,c,... G {I,-'' ^d}. The action in N = (1,1) 
superspace is simply-*^, 

S = 8j(fa (fe D+X'^D^X' [g^b + hab) , (2.1) 

where we used a locally defined 2-form potential bab{X) = —bba{X) for the torsion, 

3 

Tabc = -^^[ahc]- (2-2) 

We consider a boundary atcj = 0((T>0) and = 6^ . This breaks the invariance 
under translations in both the a and the 9' = 9^ — 9^ direction thus reducing the = (1,1) 
supersymmetry to an A'^ = 1 supersymmetry. We introduce the derivatives. 



which satisfy. 



and. 



The action. 



D = D+ + D-, D' = D+-D-, (2.3) 



= D'^ = -'-dr, {D,D'} = -id,, (2.4) 



D+D^ = -^-DD'-'-d,. (2.5) 



5 = -4 y (fa d9 D' (^D+X^D^X^ {gab + tab)) , (2.6) 



is manifestly invariant under the surviving A^ = 1 supersymmetry and - because of eq. (2.5) 
- differs from the action in eq. (2.1) by a boundary term [21], [18]. Upon performing the 
D' derivative one gets the action in AT = 1 boundary superspace previously obtained in 
[18], 

S = J (fad9(^i gab DX^drX'' - 2i gab daX^D'X^ + 2i hab daX^DX'' 

-2 gab D'X'^VD'X'' + 2 Tabc D'X^-DX^DX" - - Tabc D'X"'D'X^D'X''\ , (2.7) 

3 / 



^Our conventions are given in appendix A. Note that we have rescaled the scalar fields with a factor 



VStto' in order to make them dimensionless. 
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where, 

VD'X"- = DD'X°- + {fc^J DX^D'X". (2.8) 

Both X"" and D'X"^ are now independent = 1 superfields. Adding a boundary term 5^ 
to the action eq. (2.7), 

Sb = 2i J drdeAaDX'', (2.9) 

is equivalent to the modification bab ^ab = bab + Fab with Fab = daAb — djjAa in eq. (2.7). 
Varying the action eq. (2.6)^ or eq. (2.7) yields a boundary term, 

^^loundary = J drdO 5X^ {g^bD'X' - habDX') , (2.10) 

which will only vanish upon imposing suitable boundary conditions. In order to do this wc 

introduce an almost product structure, a (1,1) tensor R{XYb [11], [15], [16], [18], which 
satisfies, 

R\R% = St, (2.11) 

and projection operators V±, 

Vlb = \ {51 ± R\) . (2.12) 
With this we impose Dirichlet boundary conditions, 

VU5X^ = ^- (2.13) 

Using eq. (2.13), one verifies that the boundary term eq. (2.10) vanishes, provided one 
imposes in addition the Neumann boundary conditions, 

V+ba D'X^ = via he DX^. (2.14) 

If in addition we have that Rab = Rba with Rab = gacR'^b, then we can rewrite the Neumann 
boundary conditions as, 

VlbD'X'' = Vlch'dVibDX^ (2.15) 

and V+ and V- resp. project onto Neumann and Dirichlet directions resp. Note that as 
was discussed in [19] this is not necessary. 

Invariancc of the Dirichlet boundary conditions under what remains of the super- 
Poincare transformations implies that on the boundary, 

V"Lb DX^ = Vlb drX^ = 0, (2.16) 



^Here one uses that / dPadOD' D± = -{i/2) J drdO. 
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hold as well. Using D'^ = —i/2dr, we get from eq. (2.16) the integrability conditions^, 

= Vi^iP%^Vld,e = -\ V%N\c[R, R\. (2.17) 

These conditions guarantee the existence of adapted coordinates X", a G {p + 1, ■ ■ ■ , d}, 
with p < d the rank of V+ such that the Dirichlet boundary conditions, eq. (2.13) are 
simply given by, 

constant, \/a e {p+1,- ■ ■ ,d}. (2.18) 

Writing the remainder of the coordinates as X", a € {1, • ' " iP}y we get the Neumann 
boundary conditions, eq. (2.14), in our adapted coordinates, 

gabD'X'^ = b^iDX\ (2.19) 

where b is summed from 1 to d and we used that DX^ vanishes on the boundary. Conclud- 
ing, the action eq. (2.6) together with the boundary conditions eqs. (2.18) and (2.19), de- 
scribe open strings in the presence of a Dp-brane whose position is determined by eq. (2.18). 

3. N=2 superspace 

3.1 N = (2,2) super symmetry in the absence of boundaries 

Already in the absence of boundaries, promoting the N = (1,1) supersymmetry of the 
action in eq. (2.1) to an = (2,2) supersymmetry introduces additional structure. The 
most general extra supersymmetry transformations - consistent with dimensions and super 
Poincare symmetry - are of the form, 

SX" = £+ J%iX) D+X^ + £- JUiX) D-X\ (3.1) 

which implies the introduction of two (1,1) tensors J+ and J_. On-shell closure of the 
algebra requires both J+ and J_ to be complex structures, 

ja jc xa 

'J±c 'J±b — —"b ) 

N[J±, J±]\c = 0, (3.2) 

while invariance of the action necessitates that the metric is hermitian with respect to both 
complex structures^, 

J±a J±b 9cd = 9ah ■ (3.3) 

^Out of two (1, 1) tensors T?"^ and 5"^, one constructs a (1,2) tensor jV[i?, ySJ^bc, the Nijenhuis tensor, 
as N[R, S\\^ = R^dS^ib,^] + R^ibS^ia + R^S. 

*This implies the existence of two two- forms w^j, = — = gacJ±b- In general they are not closed. 
Using eq. (3.4), one shows that co^^^ — =F2J^[„T5c]d = =f(2/3) J±a J±6./±cTde/, where for the last step we 
used the fact that the Nijenhuis tensors vanish. 
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and that both complex structures have to be covariantly constant, 

= V± J^b = dc Jib + VldcJlb - ^ibcJU , (3.4) 
with the connections V± given by, 

^ {^cl ± . (3.5) 

The targetmanifold geometry {M, g, J±, T) consists of a bihermitian manifold (the manifold 
has two complex structures for both of which the metric is hermitian) and both complex 

structures are covariantly constant with respect to different connections which are given 
in eq. (3.5). When the torsion vanishes, this type of geometry reduces to the usual Kahler 
geometry. 

An interesting observation is that all terms in the algebra which do not close off-shell 
are proportional to the commutator of the complex structures [J+, J_] suggesting that 
extra auxiliary fields will be needed in the direction of coker[J+, J_]. A detailed analysis 
revealed the following picture (suggested in [8], [9] and [7] and shown to be correct in 
[5]): writing ker [J_|_, J_] = ker( J_|_ — J_) ® ker( J_|_ + J_), one gets that ker( J+ — J_) and 
ker( J+ + J J) resp. can be integrated to chiral and twisted chiral multiplets resp. [2]. Semi- 
chiral multiplets [6] are required for the description of coker[J+, J_]. The Lagrange density 
is a real function of these superfields. Metric, torsion and the complex structures can all be 
expressed in terms of this function. When only chiral and twisted chiral fields are present 
the relations are all linear while once semi-chiral fields are present as well non-linearities 
appear. This clearly shows that this geometry generalizes Kahler geometry: the whole 
local geometry is encoded in a single real function which generalizes the Kahler potential. 
As a consequence such geometries are often called generalized Kahler geometries^. 

In the present paper we will focus on chiral and twisted chiral multiplets, i.e. we assume 
that J+ and J_ commute^. These fields in = (2,2) superspace (once more we refer to 
the appendix for conventions) satisfy the constraints D±X°' = .J^i, D±X^ where J+ and 
J_ can be simultaneously diagonalized. When the eigenvalues of J+ and J_ have the same 
(the opposite) sign we have chiral (twisted chiral) superfields. Explicitly, we get that chiral 
superfields X", a G {1, • • • , m}, satisfy, 

b±X" = +iD±X"', b±X^ = -iD±X^. (3.6) 
Twisted chiral superfields X'^, /x G {1, • • • ,n} satisfy, 

b^Xf" = ±i D±X^, b±XP- = D±XP-. (3.7) 
The most general action involving these superfields is given by, 

s = 4. j (fa(fe(fev{x,x), (3.8) 

^This can be made very concrete in the framework of Hitchin's generalized complex geometry, see e.g. 
[22], [23], [24] and references therein. 

® As already mentioned in the introduction we relegate the study of the most general case - which includes 
the semi-chiral superfields - to a forthcoming paper [20]. 
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where the Lagrange density V{X, X) is an arbitrary real function of the chiral and twisted 
chiral superfields. It is only defined modulo a generalized Kahler transformation, 

V ^V + F + F + G + G, (3.9) 

with, 

daF = d-^F = 0, daG = d^G = 0. (3.10) 

Passing to iV = (1,1) superspace and comparing the result to eq. (2.1), allows one to 
identify the metric and the torsion potential^, 

Ku = -Vap, = +Vij_p, (3.11) 

where all other components of g and b vanish. When writing V^^, we mean dad^V etc. 
Let us end with two remarks. Interchanging the chiral with the twisted chiral superfields 
and vice- versa while sending V ^ —V, leaves the bulk geometry unchanged. Finally, when 
only one type of superfield is present, the geometry is Kahler. 

3.2 From N = {2,2) to N = 2 

We introduce a boundary in N = (2,2) superspace which breaks half of the supersymme- 
tries, reducing N = (2, 2) to N = 2. We have either B-type boundary conditions where the 
boundary is given by 6' = {9~^ — 6~)/2 = and 9' = {6^ — 9^)/2 = or A-type boundary 
conditions where the boundary is given by 6' = (0+ — 9^)/2 = and 9' = (6^ + 9~)/2 = 0. 
Throughout this paper we will always use B-type boundary conditions as switching to A- 
type boundary conditions merely amounts to interchanging chiral fields for twisted chiral 
fields and vice- versa [19]. 

We define the derivatives, 

D = D+ + D_, D = D+ + D_, 

D' = D+-D_, D' = D+-D_, (3.12) 
where unaccented derivatives refer to translations in the invariant directions. They satisfy, 

D^ = D^ = D'^ = b'^ = -^dr, 

{D,D'} = {b,b'} = -id,, (3.13) 

with all other anti-commutators zero. 

Let us now turn to the superfields. In the bulk we had chiral and twisted chiral 
superfields. Prom eqs. (3.6) and (3.12) we get for the chiral fields, 

= +iDX", bX^ = -iDX^ 

= +iD'X"', b'X^ = -iD'X^, (3.14) 

'^Indices from the beginning of the Greek alphabet, a, /3, 7, ... denote chiral fields while indices from 
the middle of the alphabet, n, v, p, ... denote twisted chiral fields. 
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where a, a G {1, • • • , m}. This can also be written as^, 

BX"" = D'X" = DX" = D'X" = 0. (3.15) 

Passing from N = (2,2) - parametrized by the Grassmann coordinates 9, 6, 6' and 9' - to 
N = 2 superspace - parametrized by 9 and 9 - we get X", X", D'X"' and D'X°' as AT = 2 
superfields which satisfy the constraints, 

i)X" = +i DX"", DX^ = -i DX^, 

DD'X'' = +iDD'X"-daX", D D'X^ = -iD D'X^ + d^X^. (3.16) 
For twisted chiral superfields we get instead, when combining eqs. (3.7) and (3.12), 

bx'' = +iD'x'', bxf^ = -iD'Xt^, 

D'X^" = +iDX^', D'XP- = -iDXP-, (3.17) 
with /J,, G {1, • • • , n}. For further convenience we can also write this as, 

B'X^ = DX^, D'X^ = -BXi^, 

B'XP- = -BXP-, Wxf^ = BXf^. (3.18) 

Passing again from iV = (2, 2) to iV = 2 superspace, we now get X^, X^, D'X^^ and D'XP' 
as N = 2 superfields satisfying the constraints, 

bX^' = +i D'X^, t)X~^ = -i D'X^^, 

b D'Xt" = -]^X^, b D'X~^ = (3.19) 

Note that in N = 2 boundary superspace, the twisted chiral superfields X'^ and X^ are 
unconstrained superfields - the fermionic fields D'X are nothing else but the image of 
these fields under the second supersymmetry - while the chiral fields can be viewed as a 
1-d analogue of chiral fields. 

Once more one immediately verifies that the difference between the fermionic measure 
D^D^b+b- and DbD'b' is just a boundary term. So the most general N = 2 invariant 
action which reduces to the usual action away from the boundary that we can write down 
is, 

S = - J (fa d9d9 D'D' V{X, X) + i J dr d9d9 W{X, X) 

= - J d^a d^9 D'b' F(X, X) + i J dr d^9 W{X, X), (3.20) 

with y(X, X) and W{X, X) real functions of the chiral and the twisted chiral superfields. 
While the generalized Kahler potential V is arbitrary, this is not so for the boundary 
potential W . Whenever 14^ is a function of the twisted chiral fields as well, its form will be 
(partially) determined by the boundary conditions as we will see later on. 



*For our conventions we refer once more to the appendix. 
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4. Non-linecir cr-models 



4.1 The action 

We start with a set of chiral superfields X", a G {1, • " "'^i}, and a set of twisted chiral 
superfields X^^ /x G {1, • • • ,n}. The action is given by eq. (3.20). Working out the D' and 
D' derivatives we obtain the action in AT = 2 superspace^, 

S = J d^a d^e { + 2i V^^D'X'^D'X^ - 2i V^^DX"DX^ + 2i Vf,pDX^'D'X^ 

+2i V^pD'X^'DX^ - Y^d^X^ + V-^d,X^ - V^d^X"" + 
+2i V^^D'X^DX^ + 2i V^pDX'^D'X^ + 2i V^dD'X'^D'X^ 
+2i V^pD'X^'D'X^ + 2i V^^^DXi^D'X^ + 2i Va^D'X^'DX^} 

+i J dTd^9W{X,X). (4.1) 

When reducing the action to = 1 superspace, one recovers the action in eq. (2.7) with 
metric and torsion given by eq. (3.11). However the resulting action has a boundary term 
as well, 

Sboundary = 'i j dr dO [{Va - iWo^DX'^ + [V^ + iWa)DX^ + 

( V; - i W^) D'X^" +{V-^ + iW-^) D'xA . (4.2) 



Note that this boundary term ~ because of the presence of D' X terms - does not have the 
standard form (compare to eq. (2.9)). A judicious choice of boundary conditions will allow 
us to reduce it to the form in eq. (2.9). 

The action is still invariant under the generalized Kahler transformations, eqs. (3.9) 
and (3.10), provided the boundary potential W transforms as well, 

W -i{F - F)+i{G-G). (4.3) 

Invariance under generalized Kahler transformations is essential for the global consistency 
of the models. Let us illustrate this with a simple example - more and less trivial examples 
will follow later in the paper - of a Dl-brane on a two-torus T^. The torus is characterized 
by its modulus r which takes its value in the upper half-plane H. We parametrize the torus 
by a twisted chiral field w = {x + ry)/\/2 with x, y G M, such that the metric is simply 
Oww = 1- The periodicity condition is, 

w; ~ w; H — ^(ni-|-n2r), (4-4) 
V2 

with m, 712 G We impose the Dirichlet boundary condition, 

(1 + 7717^)11;= (1 + 771 r) tD, (4-5) 



®When comparing this to the Kahler case discussed in [19], note that when no twisted chiral fields are 
present, J cfad^eV^d^X"' = -2i J d'ad^eVc./jDX'^D'X'^ holds. 
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with m G Z. Because of eq. (3.19) this implies a Neumann boundary condition as well, 

{1 + mf) D'w+ {l + mr) D'w = 0, (4.6) 

and we end up with a Dl-brane winding once in the x direction and m times in the y 
direction. The Kahler potential is V = —ww and with the boundary condition eq. (4.5) 
one finds ^'^ that the boundary potential vanishes, W = Because of the presence of a 
Dl-brane, the invariance eq. (4.4) is partially broken and we get from eq. (4.5) that, 

n-2, = mn\, (4-7) 

should hold. Under eqs. (4.4) and (4.7), the Kahler potential transforms as, 

V ~^{l + mf)w-^{l + mT)iI}. (4.8) 
\/2 V 2 

Making a Kahler transformation restores the invariance but generates - because of eq. (4.3) 
- a boundary potential, 

W = {)^W = -'^-^{{l + mf)w- {l + mT)w) , (4.9) 
v2 

which vanishes because of the boundary condition eq. (4.5). So the description is indeed 
globally consistent. 

Finally note that the action eq. (3.20) is also invariant under, 

W + H + H, (4.10) 

where, 

d^H = df,H = dpH = 0, daH = d^H = df,H = 0. (4.11) 

We will often tacitly use the fact that the boundary potential is only defined modulo 
an additive contribution of a holomorphic (and its complex conjugate) function of the 
boundary chiral fields. 

When varying the action, one needs to take into account that the superfields are 
constrained. Besides and X^" we introduce unconstrained superfields A", A", and 

and solve the constraints by, 

X° = DA", X^ = DA", 

D'X" = DM" - 5^ A", D'X^ = DM" + da A" 

D'Xi^ = -ibXi", D' X~^ = +ibXi^ . (4.12) 

Varying the unconstrained fields in the action eq. (4.1) yields the usual equations of motion 
with metric and Kalb-Ramond two-form given by eq. (3.11) and a boundary term given 

by, 



6S 



boundary 

5X>'{V^-iW^)+5X~^{Vj, + iWp)y (4.13) 

This should vanish by imposing appropriate boundary conditions on the fields. 
^°One can use the results in [19] or require that eq. (4.13) vanishes. 
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4.2 Boundary conditions 
4.2.1 General considerations 

We will impose Dirichlet boundary conditions using an almost product structure as was 
introduced in section 2. We start with the unconstrained superfields A. The most gen- 
eral Dirichlet boundary conditions which are consistent with the dimensions of the fields 
involved are given by, 

^A" = R{Xyp5K^ + R{X)'^^6A'^, (4.14) 
which already implies that, 

R"^ = R°fi = 0. (4.15) 
As mA(^ should not appear in the boundary condition for we necessarily have that, 

i?"^ = 0. (4.16) 



Eq. (4.14) implies, 



if, 



SX"" = R'^pSX'^, (4.17) 



R''5,uVipVi^, + R''5,pri^rl^ = 0, 

R''s,.Vi0V^-^ + R''s,pVipVU = 0, (4.18) 

holds. Furthermore, eq. (4.17) implies DX°' = R'^pDX^, DX°' = R'^pDX'^ and X" = 
R"gXf^ as well. Consistency of this with D"^ = = —{i/2)dr results in the integrability 
condition, 

R''s,er+\pr+%] = o. (4.19) 

Eqs. (4.18) and (4.19) together form the integrability conditions (2.17) for a = a and thus 
guarantee the existence of a holomorphic coordinate transformation which brings us to 
coordinates X", a £ {k + 1, - ■ ■ m} where 2 A; is the rank of V+ (in the chiral directions), 
such that part of the Dirichlet boundary conditions are given by, 

X^ = constant, (4.20) 

with X" chiral. We will denote the remainder of the chiral coordinates by X", a G 
{1, • • • ,k}. In these coordinates we have that, 

R% = 0, R''-p = 5% (4.21) 

and, 

R^^R'y^ = 6'^, R^^R"< ^ = -R^^. (4.22) 
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For the time being however, we only require the chiral fields to obey (4.17), without going 
to these adapted coordinates. 

We now turn to the Dirichlet boundary conditions for the twisted chiral superfields. 
The most general expression we can write down is, 

dXt" = R''^ SX" + dX" + Rfp SXf^ + W^dX^. (4.23) 

Using eqs. (3.19) and (3.16), we get from this,^-*^ 

{r+D'X)'' = R"^ D'X" + ]^R^p {D'X^ + DX^) + \R^-p {D'X^ - DX^) . (4.24) 

This is consistent with = V+ if, 

R^ pR^ u — R^i/j 

Ri'pRPp = R%RPp = 0, (4.25) 

and 

R^p = R^'uR"'/} - R^vR'p, 

R^'-p = Ri'^R"^ - R'^pR'^ff. (4.26) 

Using the defining property of an almost product structure - R"'cR'^b = R"'b ^ and eqs. (4.15) 
and (4.25), one finds that both Ti'i^i, = R^y and T^tu = — R^v = R^pRPv are projection 
operators mapping T^'^-* to t')^\ In terms of these projection operators eqs. (4.26) can 
be rewritten more suggestively as, 

R% = (vr^:. - 7r%) R^'o.B^fi, 

R'^-p = - -K^) R'aR^p. (4.27) 

In the 7r_ directions these relations are trivially satisfied in chiral directions along the 
brane, as follows from (4.17) or (4.21), and hence have no consequences for the Dirichlet 
conditions (4.23). In the 7r+ directions, however, they imply, 

TT^^R^'pSXl^ = TT%R''-p5X~P = 0, (4.28) 

or 

i^^R""-^ = n^R"- = 0. (4.29) 

This implies that there are no Dirichlet conditions in the 7r+ directions, as can be seen by 
acting with 7r+ on both sides of eq. (4.23). This is made manifest by writing the Dirichlet 
boundary conditions eq. (4.23) as 

tt'^^SX" = Rf'i, SX"" + R^'p SX^ + 5X^. (4.30) 

^^Note that the contributions from DX"" (and its complex conjugate) to this expression actually vanish 
because of (4.17), but the ones from D'X" (and its complex conjugate )do not. 
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The corresponding Neumann boundary conditions are then, 

irtuD'X'' = -R^'i, D'X^ + Ri'p DX^ - R^"- DxK (4.31) 

We need to impose separate Neumann boundary conditions on tt^^D'X'^. In the 7r+ direc- 
tions (4.24) can be written as, 

Tr'^,{P+D'xy = R'', (^D'X" + ^R"^ D'X^ + ^R" D'x'^^ , (4.32) 

which, comparing to e.g. eq. (2.19), shows that there is a non-degenerate U{1) field strength 
in the 7r+ directions. A similar expression in the 7r_ directions 

Tr>^^{V+D'xY = ^tt'^^ [r^p {D'X(^ + DX'^) + R^ ^ {D'X^ - DX~P)^ , (4.33) 

indicates that we can expect a field strength in these directions as well, as long as R^p and 
R^0 are non- vanishing. 

4.2.2 Detailed analysis 

For simplicity, let us first examine the extremal cases 7r_ = 1 and 7r+ = 1. When 7r_ = 1, 
we get an equal amount of Dirichlet and Neumann conditions on the twisted chiral fields. 
To make (4.13) vanish, we start by setting, 

{V-iW)^Rt't> = {V + iW)p. (4.34) 

Using this, one rewrites the Dirichlet conditions eq. (4.30) as, 

{V - iW)^ (^SX^^ - Ri'pSXl^'^ = {V + iW)-^ {5X~^ - Ri^pSX^'^ , (4.35) 

which also implies i?'*^ = —R^pR^p or, 

{V -iW)^R^'p = -{V + iW)-^R^0. (4.36) 

Compatibility of eq. (4.35) with oc dr results in the extra condition 

Riiv = Run, (4.37) 

along with the conditions which insure integrability of V+, eq. (2.17), already known from 
the N = 1 superspace analysis. The Dirichlet conditions (4.35) again automatically imply 
the Neumann conditions 

{V - iW)^ (^D'X" - R^f^DXf^^ + {V + iW)ii {d'XI^ - Rl^^DX^^ = 0. (4.38) 

Using these equations to simplify the = 1 boundary term (4.2) and comparing the result 
with (2.9) yields a U (1) connection with components 

Aa = -l[{V- iW)a + {V- iW)^R^a] , 

^5 = -2 [(^ + + + iW)-^Rf'^] , (4.39) 
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up to gauge transformations. Using (4.35) in (4.13) yields, 



6S 



'Vc,-0{{V + iW)i,Rf^ + iWa)]}. (4.40) 



boundary 

-6A 



This leads to the Neumann conditions 

&Va = B{{V -iW)f,R^'a-iWa), 

WV~ = B{{V + iW)pRl'^ + iW^). (4.41) 

Eqs. (4.41) together with (4.20), (4.35) and (4.38), describe a (2A; + n)-dimensional brane, 

where k is the number of chiral fields along the brane and n is the number of twisted 
chiral fields. In principle, it should be possible to demonstrate that (4.38) and (4.41) are 
precisely of the general form (2.19). This however requires the introduction of worldvolume 
coordinates (which solve eqs. (4.35)). We will not show this in full generality here, but will 
illustrate this point for some examples in section 5. 

Let us now turn to the case 7r+ = 1. As mentioned before, in this case all boundary 
conditions on the twisted chiral fields are necessarily Neumann. Because of the presence 
of a U{1) field strength F - as implied by (4.32) - we expect a condition of the form 

jjl-^k ^ pk^j^x^ + {F^a + h^a)DX''. (4.42) 

Here, Latin indices from the beginning of the alphabet indicate (both holomorphic and anti- 
holomorphic) chiral directions and Latin indices from the middle of the alphabet indicate 
twisted chiral directions. Note that we have taken into account the non-trivial b-field back- 
ground (3.11). Writing the N = 2 relations as £>X« = J'^^DX'' and DX"" = J'^^D'X'^, 
we find that eq. (4.42) implies^^, 

t)X^ = K^iDX^ + L^aDX", (4.43) 

where K^'i = J^mF'^i and V'a = J^m{F"^a + &"^a)- This means that on the boundary the 
twisted chiral fields become constrained superfields. Consistency of these constraints with 
= oc d-r, implies that K is a(n integrable) complex structure on the space spanned 
by the twisted chiral fields, while L should satisfy one set of algebraic relations, 

K\l\ = -L\J\, (4.44) 

and two sets of relations involving derivatives, 

U = A m-K Z,a — -ft m-t^ a,l + W a,m — ^ aJ^ l,m — J aJ^ l,b, 

= + L\,L\^^i + riaL\],c- (4.45) 



^^Notice that components L'^s, will always be zero, since there is no magnetic field in these directions. 
This is however implicit in all subsequent formulae, because in the end DX'^ will be zero as well by virtue 
of the Dirichlet conditions in the chiral directions. 
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This can be interpreted as follows. We can combine the constraints on the chiral fields and 
eq. (4.43) in a straightforward way to the following constraint on the boundary, 

The above conditions on K and L are then nothing but the statement that the matrix 

represents a complex structure, /C^ = — 1 and J\f^ nk{^,^) = 0. Here we introduced 
indices M, N, . . . which run over both chiral Neumann directions and twisted chiral direc- 
tions. In terms of these, we can thus write 

bx^ = JC^nDX^. (4.48) 

Because of (4.48), the are not all independent. In order to deal with this when 
considering the boundary term in variation of the action, these constraints are again solved 
by introducing fermionic superfields such that 



5X 



M 



dx^ V 



(^DdA^ - iC^pDSk^^ , (4.49) 



where X are coordinates with respect to which /C is constant. -"^^ Note that the chiral 
component of (4.49) is nothing but 

(5X" = mk" - J^'bDSA^ (4.50) 

where (because both J°'f, and J";, are constant) 

M« = ^^6A^. (4.51) 
dX^ ^ ' 

This shows that the are exactly the unconstrained superfields needed to obtain (4.13), 
so that this construction is consistent with previously obtained expressions. We now write 
the second line of (4.13) as, 

i J (It (fe Mk5X^ = i J dr cPO {M^dX^ - MaSX") (4.52) 

where we introduced Mjv = Wn + VmJ^ n- A calculation formally identical to the one 
leading to eq. (4.42) of [19] then yields 

i J drd^OMNSX^ = i J drd^OSA^DX^ {Mm,pIC''n - Mp^nIC^m + 2Mp/C^[jv,M]) , 



^^Note that the coordinates X need not separate nicely into a set of chiral and a set of twisted chiral 
superfields. In the end, the boundary term in the variation will again be expressed in terms of the coordinates 

X" and X''. 
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where we used (4.49) and we introduced the notation 

SAM ^ ^^A^. (4.53) 

QXN ^ ^ 

The second term of (4.52) is easier to work out in a similar way using (4.50). Putting 
all pieces together, one arrives at the following expression for the boundary term in the 
variation of the action (4.13): 



SS 

where 



= Ia + Ib, (4.54) 

boundary 



^A = -iJ dT (fe SA" {D'VbJ\ + D'Va - DWa + DWbJ\ + DMkL^a) 

-i J dT d^e SA" (2MkL\^^^DX^ + MiL\^kDX^ - MiK\,aDX^^ , (4.55) 



and 



= ij drd^eSA^ (t>Mk - DMiK\^ + 

i J dT dH SA^ (2MmK"'^i^k]DX^ + MiL^a,kDX'' - MiK^k,aDX''^ . (4.56) 

The first term Ia disappears when imposing Dirichlet conditions, 

(5A" = 0, (4.57) 

and Neumann conditions, 

= D%J\ + D'Va - DW-a + DW~^J^-a + L'MfeL^ 

+2MkL\- ^DX^ + Mi{L^a,k - K\~a)DXK (4.58) 
The second term Xb vanishes if we impose 

= Mk,mK"-'i - M^^iK"-'k + 2M„K™[,,fc] , (4.59) 

= M^-^^j'a - Mi-aK\ + Mk,lL'a + MiL'-a^k - MiK'k,a- (4.60) 
Using the fact that 

Fki = -9km{JKri, (4.61) 
and the boundary condition (4.59), we find that F^i = dkAi — diAk, where 

Ak = \miK\ + dkf, (4.62) 

with / an arbitrary real function. This shows that the U{1) gauge fields in the twisted 

chiral directions are unaltered with respect to the case where only twisted chiral fields are 
present [19]. On the other hand, we have that 

Fk-a = -9kl{JL)'~a - bka, (4.63) 
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where, again, the b-field is given by (3.11). This together with (4.60) imphes that F^a = 
dkAa — daAk, where is again given by (4.62) and Aa can be written as, 

Aa = ^MkL^-a + ^M-^f'-a + d~af . (4.64) 

Eqs. (4.62) and (4.64) can be summarized by using the complex structure /C, 

(^a A,) = -I (m^ M,) (^^'^^ + [d, d,)f, (4.65) 

or. 

Am = ImnIC^m + dMf. (4.66) 

In terms of the field strength derived from (4.66), the Neumann boundary conditions (4.58) 
can be rewritten as 

QabD'X^ = F-^DX^ + {Fak + bak)DX\ (4.67) 

i.e. precisely of the general form (2.19). The non-standard boundary term (4.2) can on 
the other hand be rewritten as 

Sboundary = i J dr (16 MnDX^ = 2i J drdeANDX^, (4.68) 

where the last expression is obtained by using (4.48) and (4.66). This is precisely of the 
standard form (2.9). 

Because of (4.61), both F^i and uj^i = gkmJ"^i ~ which is anti-symmetric because the 
metric is hermitian with respect to J, but is not closed when H = db is non-trivial - are 
non-degenerate (2, 0) + (0, 2) forms with respect to K. This implies that the part of the 
target space spanned by the twisted chiral superfields is 4Z-dimensional (with I G N and 
n = 21 the number of twisted chiral superfields). We conclude that eqs. (4.42), (4.57) and 
(4.58) describe a 2(2/-|-fc)-dimensional brane on a 2(2Z-|-m)-dimensional target space. Note 
that when no chiral fields are present - m = k = - we recover the maximally coisotropic 
boundary conditions discussed in [19]. We will therefore henceforth refer to this type of 
boundary conditions as generalized coisotropic. 

For a complete classification of D-branes on bihermitian geometries with two com- 
muting complex structures, it remains to discuss the more general setting where both 7r+ 
and 7r_ are nonzero. Note however that - since there will be 4/ 7r+-directions - the lowest- 
dimensional example of such a brane requires a six-dimensional target space, parameterized 
by twisted chiral fields exclusively. This case was already considered in [19]. An example 
involving chiral fields as well, will necessarily require a target space of eight dimensions or 
higher and will thus be physically less relevant. Because in a discussion of the more general 
case the expressions would become far more complicated, we therefore only briefiy outline 
how more general boundary conditions can be obtained. 

To this end, we assume the existence of adapted coordinates X^ and (and their 
complex conjugates), p,, i>, ■ ■ ■ G {1, ■ ■ ■ ,1} and /i, i>, • • • G -|- 1, • • • , n}, such that the only 



-17- 



non-vanishing components of 7r+ and 7r_ are tt'^o = and Tr'jl_p = 6^. With this, eqs. (4.30) 
and (4.31) become, 

SX^^ = Rf"-^ SX^ + Rf^^SX^ + R^^ = SX^, (4.69) 
D'X^' = -Rf^i D'X^ + Rf'-p DX^ - R^"- DX^, (4.70) 

while (4.42) becomes 

D'x'^ = f'^iDX^ + (F^a + h^~a)DX~^. (4.71) 

Implementation of this in eq. (4.13) then yields the appropriate boundary conditions on 
the chiral fields. These will either be of the standard Dirichlet form (4.20) or of a form 
which will ultimately be equivalent to the Neumann conditions (2.19). One way to find the 
exact form of these Neumann conditions, is to go to world volume coordinates on the brane. 
These coordinates should be such that eq. (4.69) is trivially satisfied. The field strengths 
which should enter in these Neumann conditions, can be obtained by using (4.70) and 
(4.71) in (4.2) and comparing the result to the standard form of the = 1 boundary term 
(2.9). 

In this way a wide variety of branes can be obtained. For example, for an 8-dimensional 
target space described by one chiral field and three twisted chiral fields, one obtains D3- and 
D5-branes if 7r_ = 1, and D5- and D7-brancs when 7r_ 7^ 1 (note that in this case 7r+ cannot 
equal 1, because this can only happen when there are an even number of twisted chiral 
fields). The D5- and D7-branes occur when generalized coisotropic Neumann conditions 
are imposed on two of the twisted chiral fields. 

5. Examples 

5.1 A four-dimensional target manifold 
5.1.1 Generalities 

We consider a 4-dimensional target manifold. We can distinguish four different cases. 

• It is parameterized in terms of two chiral superfields. 

This case was studied in [19]. It describes either a DO-, or a D2- or a D4^brane on a 
Kahler manifold wrapping around a holomorphic cycle. It also goes under the name 
of a B-brane on a Kahler manifold. 

• It is parameterized in terms of two twisted chiral superfields. 

This case was also studied in [19]. It describes either a D2-brane wrapped on a 
lagrangian submanifold of a Kahler manifold or a maximally coisotropic D4-brane on 
a Kahler manifold. These branes also go under the name of A-branes. 

• It is parameterized in terms one chiral and one twisted chiral superficld. 

This is the case we will study next. As we will show we can either describe Dl- or 
D3-branes on a bihermitian manifold with commuting complex structures. 
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• It is parameterized in terms of a semi-chiral multiplet. 

This case will be studied elsewhere [20]. However we will briefly touch upon it when 
discussing duality transformations in section 6. Here it is sufficient to say that this 
case corresponds to either a D2- or a D4-brane on a bihermitian geometry where 
ker[J+, J_] = 0. 

Let us now focus on the case where one has one chiral superfield z and one twisted 
chiral superfield w. The boundary term eq. (4.13) becomes, 



8S 



boundary 



5w{V^-iW^)+5w{Vi, + iW^)y (5.1) 



By choosing appropriate boundary conditions this term should vanish. We have only a 
single chiral field which leads us immediately to two subcases: either we impose Diri chief 
boundary conditions in the chiral direction or not. For the twisted chiral superfield we will 
always have a Dirichlet and a Neumann boundary condition. So having Dirichlet boundary 
conditions in the chiral direction will lead to a Dl-brane while Neumann boundary condi- 
tions in the chiral direction gives a D3-brane. Instead of dwelling on the general case we 
will focus on a few concrete examples which highlight all subtleties. 

5.1.2 D3-branes on 

We parametrize by a chiral z and a twisted chiral w coordinate. For simplicity we 
choose the torus such that, 

z ~ z+ ^(Z + iZ), w ^{Z + iZ). (5.2) 

V 2 V 2 

Note that one easily generalizes the present analysis to an arbitrary point in the moduli 
space of T^. The generalized Kahler potential is simply given by, 

V = zz — WW. (5.3) 

As mentioned here above we can have either Dl- or D3-branes. The former is not particu- 
larly interesting as by setting z to a constant we end up with a Dl-brane wrapping around 
a lagrangian submanifold of the 2-torus (a trivial concept in two dimensions) parametrized 
by w which was already discussed in [19]. So we turn to the D3-brane and we choose a 
simple linear Dirichlet boundary condition, 

aw + aw = /3z + Pz, (5.4) 

where a, /3 € C and a ^ 0. Consistency of this with cq. (5.2) requires that a, /3 & Z + iZ. 
In the language of subsection 4.2, this corresponds to taking 

R^z = ^, R^w = ——, R^z = —, R^z = —- (5.5) 
a a a 
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Because of eqs. (3.14) and (3.17), eq. (5.4) immediately implies the Neumann boundary- 
condition, 



aD'w-aD'w = pDz- PDz. (5.6) 

Requiring now that the terms proportional to 5w and 5w in the boundary term in the 
variation of the action, eq. (5.1), vanish yields the boundary potential, 

W=-^w^---w^ + f{z,z), 5.7) 
Za la 

with /(z, z) an arbitrary^^ real function of z and z, and two more Neumann boundary 
conditions, 

B'z = + - + i /^g Dz, 

a a 

Wz = +^^w--^w-i f,^ m. (5.8) 
a a 

This is indeed of the general form (4.41) for an almost product structure given by (5.5). So 
we end up with a D3-brane whose position is given by eq. (5.4). Using eq. (5.6) in eq. (4.2) 
and comparing the result to eq. (2.9) we identify the U{1) gauge fields, 

Az = - \ I Jz w -\ w 

2 V a a 

A ^ ( f ^ - 

Az = - \ —I Jz + — w w 

2 \ a a 

A^ = A^ = 0, (5.9) 

as anticipated in eqs. (4.39). 

As mentioned in subsection 4.2, one can show that when using worldvolumc coordi- 
nates, the Neumann boundary conditions (5.6) and (5.8) reduce to a more familiar form. 
Writing a = mi + im2 and P = + im4, where mj G Z and assuming m2 / 0, we 
introduce the worldvolume coordinates r, s and and write, 

_L ■ ( . ■ mi\ rriA 

z = r + is, w=ii + i — it — I — r + i — s. (5. ID) 

V m2 J m2 1712 



The non- vanishing components of the pullback of the U{1) fieldstrength are then given by, 

Frs = —2 — - — i— 1 — ^{frr + fss) , Frt = —2 — - , Fgt = —2 — - . (5.11) 

1712 mf + m2 2 7712 m2 

Since there is no torsion present in this example, the U(l) field strength F and the invariant 
two-form T = F+b are equal to each other. Using the above expressions for the components 
of F, it is not hard to show that eqs. (5.6) and (5.8) are equivalent to the standard Neumann 
boundary conditions (2.19). 



^''it is clear that this function should obey appropriate periodicity conditions consistent with the global 

properties of the torus, i.e. /(z + (m + in)/\/2, z + {m — in)/\/2^ = f{z, z) + h{z) + h{z) with h{z) an 
arbitrary holomorphic function and m, n £ Z. 
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5.1.3 X 

Wess-Zumino-Witten models are non-trivial but still relatively simple examples of non- 
linear cr-models with N > (2, 2) [25]. The simplest case is the WZW-model on SU{2) x ;7(1) 
(or the Hopf surface x S^) which is the only = (2,2) WZW-model which can be 
parameterized without the use of semi-chiral superfields. Parameterizing the WZW group 
element as, 

p-i In^/zz+ww / ~\ 

Q= \^—^ - ' (5.12) 

it was found in [26], [27], that the generalized Kahler potential is explicitly given by, 
V=-j |ln(l + ,) + ^(ln..-)^ 

i-zz/ww 1 _ 2 

= + — In (l -|- — - (inwiu) +ln{ww)lii{zz). (5.13) 

J Q ^ 

Note that the equality V{z,z,w,w) = —V{w,w,z,z) holds modulo a generalized Kahler 
transformation. The potential eq. (5.13) correctly encodes the metric and the torsion of 
the group manifold (sec cq. (3.11)). Parameterizing SU(2) x ^7(1) with Hopf coordinates 
z = cos ^ e''+*'^i , w = sin ^ e'^+*'^2 , with ^i, (j)2, P £ Mmod27r and £ [0,7r/2], we find that 
z, w & (C^ \ 0)/r where P is generated by {z,w) {e^'^ z,e^'^ w) which is precisely the 
definition of a Hopf surface. 

We will use the bulk potential, 

/zz/ww J 1 
— ln{l + q)--{lnwwf, (5.14) 
q 2 

which differs from eq. (5.13) by a generalized Kahler transformation. In addition we have 
that global consistency requires invariance under, 

z^e^^"^, w^e'^^'^'w, neZ. (5.15) 

Under this the generalized Kahler potential transforms as, 

y ^ y-47rnln(ii;tt)) - Svr^n^ (5.16) 

which is a generalized Kahler transformation cq. (3.9). In order to restore the invariance 
the boundary potential should transform as well (see eq. (4.3)), 

W + ATrniln(^^^ , (5.17) 

which should hold modulo the sum of a holomorphic and an anti-holomorphic function of 
the chiral fields (see eqs. (4.10-4.11)). 

i. Dl-branes 

We first study Dl-branes. We impose the Dirichlet boundary conditions, 

Z= Zo, Z = Zq, 

ID 

-i\-a.— = Q'{\a{zozo + ww)), (5.18) 
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where we parameterized the boundary potential W (^ln{zoZo + ww)) as, 

W{x) = Q{x) - X Q'{x), (5.19) 

where Q'{x) = dxQ{x) and x = ln(2;o^o + ww). Requiring this to be consistent with 
eq. (5.17) gives, 

Q(x) = /(sin(|)) + ^x2 + ax, (5.20) 

witli f{y) G M an arbitrary function and m, a G M. Furtlicrmore requiring that the 
periodicity of the left hand side of the last equation in (5.18) is correctly reproduced by 
the right hand side forces us to take m G Z. One recognizes the integer m as the winding 
number in the 02 direction, i. e. going once around the circle parameterized by p one winds 
m times around the circle parameterized by 02- 

ii. D3-branes 

We now turn to the D3-brane. We introduce some notation, 

x = la.{zz + ww) , y = —ilio.-, (5.21) 

and we denote a derivative w.r.t. x by a prime. Parameterizing the boundary potential 

W{x,z,z) as, 

W{x, z, z) = Q{x, z,z)-x Q'{x, z, z) (5.22) 

and imposing a single Dirichlet boundary condition, 

w 

-ilu- = Q'ix,z,z), (5.23) 
w 

we get that the terms in eq. (5.1) which are proportional to 6w and 5w cancel. Using 
eq. (5.23) in (5.17) we get that, 

W{x + 47rn, e^'^^z, e^^'^z) = W{x, z, z) - Attu Q'{x, z, z), (5.24) 

should hold. Taking once more a derivative of this with respect to x, we find that Q"{x, z, z) 
is periodic, 

Q"(x + 47rn,e2'^"z,e2™z) =Q"{x,z,z). (5.25) 

In principle we could solve this and integrate it to Q while implementing eq. (5.24). However 
we will limit ourselves here to a simple choice which satisfies all requirements, 

Q = x^ + 777-2 y {x — hi zz) . (5.26) 

With this the boundary potential becomes, 

W = x"^ — m2y hizz, (5.27) 
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and the Dirichlet boundary condition is explicitly, 

w 

—iln— = mix + m2y- (5.28) 
w 

As —ihiw/il!, X and y are all periodic we get that mi, m2 G Z. In the language of 
subsection 4.2, this corresponds to R^z = 1 and, 

w zz + {1 + im,i)ww 
w ZZ + [1 ~ imijww 
_ w; (m2 + imi)zz + m2ww 
z zz -\- \^ — imxjww 

w (m2 — imi)zz + m2ww 

R z = —— — - I ,-. — — ^ — = — • 
z zz+ {1 — imi)ww 

The Dirichlet boundary condition implies a Neumann boundary condition as well, 

Ii'hiww = imilix + im2liy. (5.30) 

Using eq. (5.28) in the boundary term in the variation of the action, eq. (5.1), one finds 
that the remaining terms proportional to 5K and 5K vanish provided two more Neumann 
boundary conditions are imposed, 

B'z = imizHx- ^Biww), 
z ^ ' 

B'z = -imxzJ^x -M'uyui). (5.31) 

z 

These are indeed equivalent to (4.41) for an almost product structure given by (5.29), once 
the other Neumann condition (5.30) is imposed. Using eq. (5.30) in eq. (4.2) and comparing 
it to eq. (2.9) leads to a L'"(l) bundle with potential fields, 

= -^(^-^2^), ^.- = -^(l^s-m2|), (5.32) 

again in agreement with eq. (4.39). Introducing world volume coordinates p, il) and ^ such 
that, 

z = cosVe''+^'^, u; = sinV'e(^+^'"i)''+^"^2 0^ (533) 

we find that the only non-trivial component of the U(l) bundle puUback to the D3-brane 
is given by Fp^ = — 2(cot^ + 777-2 tanT/;). Combining with the NS-NS 2-form puUback to 
the D3-brane we obtain the pullback of the invariant 2-form T = b + F, 

!Fp^ = —2 mi cos^V-') ^pip = —27712 tan-;/'. (5.34) 

Given this (and the pullback of the metric to the worldvolume) , we expect Neumann 
boundary conditions of the form (see (2.19)), 

(1 + 777^ sin^ V) p + 777 i77i2 sin^ D' (p = — 77i2 tan ijj Dtp — mi cos^ ip Dcj), 

(1 + tan^ ip) D'4> + mim2 tan^ tp D'p = miDp, (5.35) 
D'lp = 7772 tan ijj Dp, 

which is indeed equivalent to cqs. (5.30) and (5.31). It would be an instructive exercise to 
repeat the analysis of [28] for this particular manifest N = 2 supersymmetric case. 
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5.2 New space-filling branes on T 

To illustrate the case tt-i- = 1 of subsection (4.2), we now discuss the (purely Neumann) 
boundary conditions for a space filling brane on parameterized by one chiral superfield z 
and two twisted chiral superfields w^, ji G {1,2}, where we impose generalized coisotropic 
boundary conditions on the twisted chiral fields. Consider the potential 

V = zz — w^w^ — uP'w'^ + b\{zw^ + zw^) + b2{zw'^ + zw^), (5.36) 

with constant € R, /i € {1)2}, so that according to (3.11) the b-field has nonzero 
components ft^j = b^. By virtue of (4.61) and (4.63) this implies the following relation 
between the U{1) field strength and the components of the complex structure (4.47) 

F^, = iLi",, F^, = iL'', - b^. (5.37) 

Prom (4.61) it follows that the complex structure K'^i cannot be proportional to J^i. A 
good choice is K^2 = 1, = ~1, other unrelated components zero. This corresponds 
to the choice 

Fi2 = i, -Fi2 = 0. (5.38) 

On the other hand, the field strength can be computed from the U{1) potentials (4.66). 
Assuming a quadratic form of W (so that its second derivatives Wmn are constants) and 
with the above choice of K, this implies a relation between components of L and second 
derivatives of W. It turns out that we can find a non-trivial^^ solution if W^j/ = W^^p = 0. 
In that case, we find that we have to satisfy the following relations 

L\ = Wu -b2- iW-2„ 

lK = W2. + 6i + iWi,. (5.39) 

while the other components of L are fixed by eq. (4.44) to be 

L\ = iL\, L\ = -iL",, (5.40) 

so that L is fully determined by specifying e.g. L^z and L^z- Let us take Wiz, W22, Wiz, 
W2Z € IK and write the left hand side of (5.39) as 

L^z = <y = ai + 10(2, 

L\ = (3 = P2 + i/3i, (5.41) 
with aj and Pj, j G {1,2} real so that (5.39) is solved by 

oil = Wiz - h, OL2 = -W2z, 

h = W2z + bu (3i = Wiz, (5.42) 

^^Note that putting L and W to zero results in a rather trivial example in the sense that it corresponds 
to a 4-dimensional maximally coisotropic system of the kind studied in [19] along with two chiral spectator 
directions trivially wrapped by the brane. 
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or 

W = {ai + b2)iw^z + w^z) + /3i{w^z + w^z) + 

iP2 - bi){w'^z + iii^z) - a2iw^z + w^z) + f{z, z), (5.43) 

where f{z, z) is a real function. With this choice for L and W, the components of the U{1) 
gauge field become (up to gauge transformations) 

1 1 i 

Ai = --{P2-bi)z+ -{a2 + ib2)z- -w^, 

1 1 i 

A2 = +^iai + b2)z ibi)z + -w\ (5.44) 

and 

Az=l - 2bi) + aia + 262)]^ + '-f, 

+ ^{2iai - 02 + ib2)w^ + ^{2iP2 - A - ibi)w'^ (5.45) 

+ ^(/32 + 2i/3i - bi)w^ - ^{ai + 2ia2 + 62)^Z)^ 

and their complex conjugates. These indeed yield the required components of the invariant 
field strength (see eq. (5.37)) 

Fiz = ia, Fiz + biz = P, 

F2z = iP, F2, + b2z = -a, (5.46) 

while for F^z we find 

Fzz = -ia2iai + 262) - i/?i(/?2 - 26i) - iW^,, (5.47) 

which shows that for certain solutions, F^z will depend not only on f{z,z), but also on 
L and the b-field. Note that the choice ai = —62, (^2 = bi and 02 = /3i = 0, leads to 
a solution where the boundary potential W is trivial (modulo a term f{z, z)), while L is 
nontrivial and Fi^ = —ib2 and F2z = ibi. This situation should be contrasted with the 
case where the b-field vanishes. In that case W necessarily has to be nontrivial for L to be 
nontrivial (as can be seen from (5.39)). 

An explicit construction of this kind of space-filling D6-brane on a more non-trivial 
target space - the simplest candidate being S"^ x xT"^ should in principle be possible. 
Furthermore, the solution of this subsection should be dual to a coisotropic D5-brane on 
and it should be possible to make this duality explicit by the methods developed in the 
following section. We leave these matters for further investigation. 

6. Duality transformations 

6.1 Generalities 

T-duality transformations in = (2,2) supersymmetric non-linear cj-models correspond 
to duality transformations which interchange the different types of superfields [2] , [26] , [29] , 
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[9], [30], [31]. The simplest ones are those that aUow to exchange a chiral for a twisted 
chiral superfield and vice- versa when an isometry is present. Gauging the isometry, one 
imposes - using Lagrange multipliers - that the gauge fields are pure gauge. In this way, 
integrating over the Lagrange multipliers gives back the original model. However when 
integrating over the gauge fields (or their potentials which are unconstrained superfields) 
one obtains the dual model. 

Let us briefly review the case without boundaries. As a starting point we take the 
action, 

S^i^=Aj(fa(fe(^-j dqW{q,---) + {z + z)Y^ , (6.1) 

where Y is an unconstrained N = (2, 2) superfield, z is either a chiral or a twisted chiral 
superfield and • • • stands for other, spectator fields. The equations of motion for Y give, 

z + z = W{Y,---), (6.2) 

which upon inversion gives, 

Y = U{z + z,---). (6.3) 
Using this to eliminate Y yields the second order dual action, 

/pz+z 
d^ad^e J dqU{q,---). (6.4) 

Take now z and z to be chiral superfields and varying them yields, 

D+D.y = D+D_y = 0, (6.5) 

which is solved by putting Y = w + w with w a twisted chiral superfield. If on the other 
hand we started off with a field z which was twisted chiral we get upon integrating over z 
and z, 



D_y = D+D_y = 0, (6.6) 



which is now solved by putting Y = w + w, with w a chiral superfield. The resulting second 
order action (which is the action one starts with) is in both cases given by. 



/rw+w 
d^ad^e / dqW{q,---). (6.7) 

Let us illustrate this using the previous example, the WZW model on the Hopf surface 
S'^ X . We will first dualize the twisted chiral field to a chiral one. In order to do this 
we rewrite the potential eq. (5.14) as. 



V 



/WW J 
'^\u{q + zz). (6.8) 
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With this the first order action is given by, 

5(1) = -4 y dVd^^d^^ |y ^lTL{q + zz)+YlTLz'z'^, (6.9) 

where y is an unconstrained superfield and z' is a chiral superfield. Integrating over In 2;' 
and Inz' gives the original model back. Integrating over Y gives the dual model with 
action, 

Sdual = -4^ J d'ad'ed'ey^^ ^ln(l-g)-^(ln2V)'|, (6.10) 

where we performed a change of coordinates z ^ z" = z z' . Following the duality trans- 
formation in detail wc find that the chiral fields satisfy \z"\ < 1 and z' ~ g27r(«i+jn2) ^' ^n)^ 
ni, n2 G Z. So the target manifold of the dual model factorizes as a product of a disk (with 
a singular metric) and a torus. 

We now dualize the chiral field to a twisted chiral field. The first order action is given 

by, 

5(1) =aJ d'^ad'^ed^e (1 + ^) - I - Y Inw'w'"^ , (6.11) 

where w' is twisted chiral and Y is an unconstrained superfield. The original model is 
recovered by integrating over Into' and Inw'. Integrating over Y gives the dual model. 



^dual 



= aJ d'ad^edH |y ^In (1 - g) - ^ (lnu;"V")4 , (6.12) 



where we performed the following coordinate transformations, 

w" = —,, w"' = ww'. (6.13) 
w' 

One finds that \w"\ < 1 and w'" 2± e^'^^"^"^*"^^^;"' and the dual model once more factorizes 
as D X T^. 

In the next section we will extend this duality to the case in which boundaries are 
present. As already discussed in [19], the main difficulty is the construction of the right 
boundary terms such that the boundary conditions of the various fields remain consistent 
with the duality transformation. A crucial partial integration identity is here, 

J d^cjd^eD'b' {iuMt'Y + iuim'Y) -i J drd^e {p'uWY -H'uH'Y) = 

J dV d^e D'b' Y{z + z). (6.14) 



^®Note however that a proper treatment of this duaUty transformation requires the presence of a non- 
trivial dilaton field in the dual model [26]. Indeed, if this were not the case we would have expected that 
the dual model is hyper-Kahler which it is not. 
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where K is a real and u {u = u^) a complex unconstrained superfield. We also introduced 
the chiral field z = i OWu and z = i OWu. Another essential equation is, 

J SaSOD'b' (iu]D)+D_y + z'uB+]D)_y) -i J dr (fd [uB+B-Y - uB+B-Y) = 

J d^a d^e D'b' Y{w + w) - J dr d^0 Y(w-w), (6.15) 

where y is a real and u {u = u^) a complex unconstrained superfield and where we intro- 
duced the twisted chiral field w = iB^B-u and w = iB^B^u. 

Throughout the remainder we will focus on the non-linear cr-modcl on and x 
which wc believe is suflacient to cover all subtleties involved. Additional examples can 
easily be constructed. 

6.2 Dualizing D3-branes on 
6.2.1 Dualizing a chiral field 

Wc start from the example developed in section 5.1.2 where we will dualize the chiral 
field to a twisted chiral field. Without altering the boundary potential - as the required 
generalized Kahler transformation yields a total derivative contribution to the boundary 
term - we take for the Kahler potential V = —ww -\- {z + z)"^ /2. Furthermore we assume 
that the arbitrary function / in the boundary potential eq. (5.7) exhibits the isometry as 
well: / = f{z + z). Our starting point is the first order action, 

5(1) = I d^ud^OD'b' [ww -^Y"^ + iuB+B_Y + iuB+B_Y 



'^eD'b' 1 


^w 


i a 9 


i a 


— - 




2a 


2a 



2 

+i f drd'^e (-^w^ ---w'^ + f{Y)-uB+B_Y + uB+B_Y] , (6.16) 
J \2a 2a J 

with y G M and « G C unconstrained superfields. Prom eqs. (5.4)-(5.8) we obtain the 
boundary conditions, 

B{aw + aw - (3Y) =0, 

B {aw + aw-^Y) =0, (6.17) 

and. 



VY = B (-^w+-w + if'(Y)] 
\ a a J 



B'Y = b(+^w- -w-if'(Y)] , (6.18) 
\ a a J 

where f'{Y) = df/dY. Integrating over u and u in eq. (6.16) yields the original model 

back. Integrating the first order action eq. (6.16) by parts using eq. (6.15) gives, 

5(1) = J d^a d^e D'b' (^w - ^ y2 + (w' + w') y^ 

+i [ drd'^e ('--w^-'-^w'' + fiY) + i(w'-w')Y], (6.19) 
J \2 a 2 a J 
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with w' another twisted chiral field. Integrating over Y gives the dual model. The bulk 
equation of motion for Y is, 

Y = w' + w'. (6.20) 

The variation of the boundary term requires more care. Before doing this we note that we 
can distinguish two cases: (5 = ^ and /? 7^ ^. Indeed when 6 = /3 is real, eq. (6.17) implies 
a Dirichlet boundary condition, 

aw + a.w = hY, (6.21) 

which is no longer true \i (3 ^ (3 where aw + aw — f3Y becomes a complex boundary chiral 
field. When /3 = /3 we have - as can be seen from eq. (5.4) - no Dirichlet boundary condi- 
tion in the direction in which we dualize so we expect a D2-brane in the dual theory. For 
(3 ^ ^ the Dirichlet boundary condition eq. (5.4) does depend on the direction in which we 
dualize resulting in a D4-brane in the dual theory. As the dual model describes an A-brane 
on a 4-dimensional Kahler manifold, the dual D-brane must be a space-filling coisotropic 
brane. 



i. b = /3 = p 

When 6 7^ 0, we get that because of eq. (6.21) the variation of Y is related to that of w 
and w. Taking the boundary contribution of the variation of w and w into account - e.g. 
using eq. (4.13) - we get that the variation of the boundary term vanishes provided that 
the Dirichlet boundary condition, 

w' -w' = -^w+-w + if'(Y), (6.22) 
a a 

holds. This is - using eq. (6.20) - indeed equivalent to eq. (6.18). 
The dual action becomes, 

+i j drSe (^f{w' + w')-^ {w' + w') f'{w' + w')^ . (6.23) 

We get two Dirichlet boundary conditions, 

aw + aw = b w' + bid' , 

w' -w' = -^w + -W + if{w' + w'), (6.24) 

a a 

where the first one follows from eq. (6.21) and the second one from eq. (6.22). They imply 
- because of eq. (3.17) - two more Neumann boundary conditions. We end up with a 
D2-brane (with a fiat C/(l) bundle) wrapping around a lagrangian submanifold of T^. 

ii- /3 / ^ 

When performing the variation of the boundary term, one needs to realize that because of 
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eq. (6.17), aw + aid — (3Y is a complex chiral field on the boundary. Solving this in terms 
of unconstrained superfields and appropriately taking the boundary contributions of the 
bulk variations of w and w into account we get that the variation of the boundary term 
vanishes provided, 

B i+w' -Hj' + ^w-^w -if(Y) \ = 0, 
\ a a ) 

D(-u;' + iD'-?u;+-u) + z/'(y) ) =0. (6.25) 
\ a. a. J 

This is indeed consistent with eqs. (6.18) and (6.20). 
Summarizing, the dual action is given by, 

+i [ drdH ('^-w^-'-^w^+'- u.'2 - '-w" + f{w' + w')] , (6.26) 
J \2 a 2 a 2 2 J 

and the Neumann boundary conditions can be rewritten as, 

Dw = I ; =7 Dw — I = Dw + I ; =7 Dw, (6.27) 

together with the complex conjugate of these expressions. We wrote /" for d^f{w' + 
w')/dw'^. Denoting the twisted chiral fields w,w, w' and Hj' collectively by w"", we can 
rewrite the Neumann boundary conditions as, 

Dw" = K^bDw^, (6.28) 

where consistency with = —{i/2)d/dT requires that K \s a, complex structure [19]. 
Indeed one shows that the Nijenhuis-tensor of the complex structure vanishes due to the 
symmetry w' + w' in the function /. Note that K does not anticommute with the original 
complex structure. So we get here a maximally coisotropic D4-brane. Using eq. (3.19) and 
comparing the result with eq. (2.19), we obtain the C/(l) fieldstrength, 

_ aa{l - i f") + I3~P p aajl + i f") - (3^ 

aail->n-PP _fl±l p an(l + //") + J/3 

a{(3- 13- (3 a{(3 - p) 

(6.29) 

This generalizes some of the configurations studied in e.g. [32], [33], [34] and [19]. 
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6.2.2 Dualizing a twisted chiral field 

With a generalized Kahler transformation, we can make the isometry manifest in the bulk 
potential eq. (5.3), 

V = zz-^{w + wf, (6.30) 

which because of eq. (4.3) modifies the boundary potential eq. (5.7) to, 

W=^^^{aw'^-aw^)+f{z,z). (6.31) 

The fact that the boundary potential does not manifestly reflect the isometry - in fact 
using the boundary condition eq. (5.4) one shows that it is invariant modulo total derivative 
terms - constitutes the whole subtlety for this particular case. We can rewrite the boundary 
condition eq. (5.4) as, 

{a + a)l]){w + w) + {a- a)B>'{w + w) = 2(3B>z, (6.32) 

together with its complex conjugate. Once more we have to distinguish between two cases: 

either a E M or a ^ a. In the former case the dual theory describes a D2-brane while for 
the latter wc will obtain a D4-brane. Finally we can also rewrite the Neumann boundary 
conditions in eq. (5.8) in an invariant way, 

2aaB)'z + p{a + a)0'{w + w) = -p{a - a)0{w + w) + 2iaa fzz^z, (6.33) 

and its complex conjugate. 

i. g = Q. — a 

We first rewrite the boundary potential. Writing z = BA and z = BA we get, 

Sboundary = i J dr d^O AW {w + w) + '-^ AW {w + w) + f{z, z) | . (6.34) 

Using this we write the first order action, 

+z y"drd20 |-^AD'y+ ^AD'y + /(z,z)| , (6.35) 

where u is an unconstrained complex superfield and y is a real unconstrained superfield. 
Varying u yields back the original model. Varying 2;, bz = D5A gives a boundary term 
which vanishes provided, 

an'z + pn'Y = +iafzz^z, (6.36) 
which is consistent with eq. (6.33). Integrating eq. (6.35) by parts, 

5(1) = d^ad^eD'D' !^-zz+W^-Y{z' + z')^ 

+i J drd'^e I^WY (^-^A + Wu^ -B'Y (^-^A + B'u^ + f{z,z)Y (6.37) 
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Varying Y gives a bulk equation of motion, 

Y = z' + z', (6.38) 
and a boundary contribution which vanishes provided, 

ipA + aWu = 0A + aO'u = O. (6.39) 
This immediately implies the Dirichlet boundary conditions, 

z' = ^z, z' ='-z, (6.40) 
a a 

which is consistent with eq. (6.32). Combining everything, we get the dual action, 

Sdual = J d^cj d^e D'b' {^-zz-\ {z' + z'f^+i J dr dH f{z,z), (6.41) 

together with the Dirichlet boundary conditions in eq. (6.40) and the Neumann boundary 
conditions, 

oB'z + ^aD'z' = m/^jBz, a&z + p&z' = -iaf^gBz. (6.42) 

We see that the dual model describes a B type D2-brane wrapping on a holomorphic 
cycle determined by eq. (6.40) and we have a non-trivial U{1) bundle with non-vanishing 
potentials, 

A, = +'-f„ A, = -'-f,. (6.43) 

ii. a a 

Using the Dirichlet boundary condition eq. (5.4) we rewrite the boundary potential eq. (6.31) 
in an invariant way. 



With this we obtain the first order action 
'(1) 



S(u= I d^ad^eD'D' { -zz +]^Y'^ - iuim'Y - iuim'Y 



'iu ( &Y + m - by] - Wu ( Wy - nz + by 



a — a a — a I \ a. — a a — a 



(6.45) 



Integrating over u and u gives us the original model back together with a boundary term 
which vanishes provided, 

B'Y + — ^ Bz BY = B'Y ^ Bz + BY = 0, (6.46) 

a — a a — a a — a a — a 
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which is consistent with eq. (6.32). Integrating by parts, we rewrite eq. (6.45) as, 
5(1) = J d^acfeO'D' (^-zz+^Y"^ -Y{z' + z')^ 

+i [drd'el^^ (Pz + — C-Y' - Yiz' + 

J y2aaa — a^ ' a — aV2 ^ 'J 

-i^^z'z-i^^z' z + f{z,z)]. (6.47) 
a — a a — a J 

Integrating over Y gives both in the bulk and in the boundary, 

Y = z' + z'. (6.48) 

It is now straightforward to go to the second order expressions. One finds for the bulk 
potential of the dual model, 

V = zz^z'^, (6.49) 

and for its boundary potential, 

. a + a _ a + a .2^ . 2/? 
W = I — zz + I z z — I z z — I z z + jiz, z). (o.oU) 

aa a — a a — a a — a a — a 

The boundary conditions are given by, 



aa a — a a — a 

Vz' = Bz - "^Dz', (6.51) 

a — a a — a 



and their complex conjugates. We end up with a B type D4-brane wrapping around the four 
torus. Once more we have a non-trivial U{1) bundle with potentials given hy = i Wz/2, 
Az' = iWz'/2 and their complex conjugates. 

6.3 Dualizing the branes on x 
6.3.1 Dualizing a twisted chiral field 

i. From a Dl- to a D2-brane 

Our starting point is the Dl-brane configuration on x discussed in section 5.1.3. For 
simplicity we choose the Dirichlet boundary conditions for the chiral field as z = z = 0. 
We start from the first order action, 

5(1) = J d'^ad'^9D'D' ^ In {q + zz) + iuD&Y + iuDD'Y^ 

+i J dTd'^e^Q{Y)-YQ'{Y)-&u{&Y + iBQ'{Y))+J])'u{J])'Y-iJ])Q'{Y))Y 

(6.52) 

where the Lagrange multipliers u and -u = n'l" arc unconstrained complex supcrficlds. Vary- 
ing u and u gives the bulk equations of motion DD'y = DD'F = which are solved by 
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putting y = In WW with w a twisted chiral supcrficld. The variation of the Lagrange multi- 
phers yields a boundary term as well which vanishes if Y satisfies the boundary conditions, 

B'Y = +i Q"(y)Dy, 

&Y = -i Q"{Y)BY. (6.53) 

Going to the second order action we precisely recover the Dl-brane discussed in section 
5.1.3 and eq. (6.53) is equivalent to the last boundary condition in eq. (5.18). 
Upon integration by parts we rewrite the first order action eq. (6.52) as, 

5(1) = J (fa <fe D'D' I jln{q + zz) +Yln z'z' | 

+i J dT(fe^Q{Y)-YQ'{Y)-Q'{Y) Inz'z'^ (6.54) 

where we introduced the chiral field z', 

Inz' = i m'u, Inz' = i BB'u. (6.55) 

Varying Y in eq. (6.54) gives an explicit expression for Y, 

y = In (1 - z"z") - In z'z'. (6.56) 

Note that the boundary term in the variation vanishes as well by virtue of eq. (6.56). Going 
to second order gives the dual model, 

Sdual = Jd'ad'eO'D' ^ln(l-g)-i(ln/z')'| 

+i J dr d^e Q{- In z'z'), (6.57) 

Where we redefined z" = zz' . We have the boundary conditions, 

= = 0, 

D'z' = +iQ"(-lnz'^')^^'> D'z' = -iQ"(-lnz'z')0^', (6.58) 

where the Neumann boundary conditions follow from combining eqs. (6.53) with (6.56). 

The dual model has a target geometry given by D x with a D2-brane wrapping 
around the torus. 

ii. From a D3- to a D4-brane 

We now turn to the dualization of the D3-brane configuration discussed in section 5.1.3. 
We consider the configuration given by the two Neumann boundary conditions eq. (5.31) 
for the chiral supcrficld and the Dirichlet boundary condition and Neumann boundary 
condition resulting from eq. (5.28) for the twisted chiral superfield. We start from the first 
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order action, 

5(1) = J (fa (fe D'i)' I y '^lii{q + zz) +iu BWY + i u OO'Y 

+i J dr (fe !^W{Y) -Wu(b'Y + imiBln (e^ + zz) + z m2 B 

+J}'u(j}'Y - imiBln{e^ + zz) -im2By)|, (6.59) 

where VF(y) stands for, 

W{Y) = In (zz + e^) -m2ylnzz. (6.60) 

We introduced the Lagrange muhipliers u and u = as unconstrained complex superfields, 
just like in the previous section. But now the gauge field Y also has to satisfy the boundary 
conditions following from eq. (5.31), 

B'lnzz = +imiBln (e^ + zz) - "^Be^, 
^ ' zz 

& In zz = -imiB In (e^ + zz) -^Be^. (6.61) 
^ ' zz 

Varying u and u yields the bulk equations of motion DD'y = DD'y = 0, and a vanishing 
boundary term if Y satisfies the boundary conditions, 

B'Y = +imi'Bln{e^ + zz) + im2'By, 

&Y = -imiBln{e^ + zz) -im2By. (6.62) 

The bulk equations of motion can be solved by requiring Y = ln(wiv), where tt; is a twisted 
chiral superfield. Implementing this in the first order action eq. (6.59) we recover the 
original model with the D3-brane from section 5.1.3, for which the boundary conditions 
eq. (6.62) are equivalent to the Dirichlet condition eq. (5.28) and the boundary conditions 
eq. (6.61) reduce to eq. (5.31). 

Using eq. (6.14) to partially integrate the first order action eq. (6.59), one gets 

5(1) = J (fa fe D'D' I y In (g + zz) +Y In z'z' | 

+i J drfe^WiY) - (mi In {e^ + zz) + ma y) In/z}, (6.63) 
with a new chiral field z', 

Inz' = i m'u, \nz' = i DD'tt. (6.64) 
The equations of motion in the dual picture follow from varying Y in eq. (6.63), 

y = In (1 - z'z") - In zz', (6.65) 
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in which we introduced z" = z z' . Imposing the solution eq. (6.65) also eliminates the 
boundary term arising from the variation of eq. (6.63) with respect to Y. This solution 
also allows us to write down the second order action describing the dual model, 

{rz"z" J \ 
J ^ln(l-g)-i(lnzV)n 

+i J drd^O 1^2'^^ (inz'z')^ + zm2 In ^— ^ lnz"z" — im2 In ^— ^ lnz"z"| . 

(6.66) 

Rewriting the boundary conditions eqs. (6.61), (6.62) in terms of the chiral fields z' , z" 
using eq. (6.65) leads to the following four Neumann boundary conditions, 

D' In (1 - z"z") = -m,2 B In z'z', D' In (l - z"z") = -m2 O In z'z' , 

D' In z'z' = +i mi D In z'z' - m2 B In 



B' In z'z' = -imiBlnz'z' + m2Bln . (6.67) 

One can check that these boundary conditions are consistent with eq. (4.13) applied to the 
dual action in eq. (6.66). 

It is clear that the target space geometry of the dual model is described by Z? x 
with a spacefilling D4-brane. The U{1) bundle on the D4-bane can be found by using e.g. 
eq. (2.9) and eq. (4.2) and leads to the following fieldstrength, 

Fz'z' = —i—rir,, Fz"z" = 0, 
z'z' 

6.3.2 Dualizing a chiral field 

Our starting point is the D3-brane configuration described in section 5.1.3. The Neumann 
boundary conditions for the chiral superfield are given by eq. (5.31), while the twisted chiral 
superfield satisfies the Dirichlet condition eq. (5.28) and the Neumann condition derived 
from it. We introduce a real unconstrained gauge superfield Y satisfying the boundary 
condition, 

B'y = z mi B In (e^ + ww) — B ww, 

B'y = mi B In (e^ + ww) - m^e'^ B ww, (6.69) 

and, 

B' In {ww) = i nil B In (e^ + wiv) + m2 B Y, 

B' In (ww) = -imiD In (e'^ + ww) + m2 B F. (6.70) 

This configuration allows us to distinguish two different cases. The first case appears 
when m2 = 0, which will lead to the dual lagrangian D2-brane. The second situation is 
characterized by m2 / 0, so that we can construct the dual coisotropic D4-brane. 
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i. From a D3-branc to a lagrangian D2-brane 

Let us start by taking m2 = 0. In that case the boundary conditions eqs. (6.69) and (6.70) 
simplify and we can deduce the following Dirichlet boundary condition from eq. (6.70), 

—iln = mi In (e^ + ww^ . (6-71) 

Hence, we can write the first order action as, 

5(1) = -/ d^ad^eO'D' { f'jlu (l + ^) - \{lnw^f 

+i J drd'^e^-'^ {\n{ww + e^))^ -uB+B-Y + uB+B-YY 

(6.72) 

again introducing (unconstrained) complex superfields u and -u = n^. The variation of the 
action eq. (6.72) with respect to u and u yields the equations of motion, 

D_D+F|,,^,-,^o = = D+D_F|,,^^,^o , (6.73) 

which is solved by y = In zz with z a chiral supcrficld. The second order action gives the 
original model with a D3-brane, described by the boundary conditions eqs. (5.28), (5.31). 
To integrate the action eq. (6.72) by parts we use the identity eq. (6.15) and obtain, 

5(1) = - / c/V d^e D'b' I /'^ f In (i + ^) - 2 ( 1- ' - ^ 1- 

+i J drd^e {-!^(ln(i«w; + e^))' + zFln(J)}, 

(6.74) 

where we introduced the twisted chiral superfield s, 

lns = iB+B_u, lns = iB+B^u. (6.75) 
Varying Y in eq. (6.74) yields the equation of motion, 

y = In w"^D" + In (1 - w'w') , (6.76) 
for which we performed the following coordinate transformation, 

w' = - , w" = sw . (6.77) 

The Dirichlet condition eq. (6.71) implies that a variation of Y at the boundary is 
related to a variation of w and w. Therefore, the variation of cq. (6.74) with respect to Y 
renders a boundary term supplemented with a boundary contribution of the variation of w 
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and w - as can be found in e.g. eq. (4.13). By virtue of eq. (6.71) the boundary variation 
leads to a Dirichlet boundary condition for w' , 



-zln^-J=0. (6.78) 

Using eqs. (6.71) and (6.76), we can deduce a (second) Dirichlet boundary condition for 
w", 

—i In ( — ) = mi lnw"w" , (6.79) 
\w" J 

which is indeed consistent with cq. (6.69) using the equation of motion eq. (6.76). 
The dual model is described by the following (second order) action, 

+i J dT(f9 {-'^{lnw"w'f] . (6.80) 

As a check one verifies that the two Dirichlet boundary conditions eqs. (6.78) and 
(6.79) guarantee that the boundary term in the variation of the action eq. (6.80) vanishes. 

The dual target space geometry corresponds to D x with a D2-brane wrapping along 
one direction in D and one direction in T^. On the brane can only wrap in specific 
(quantized) directions, given by the integer mi. 

ii. From a D3-branc to a coisotropic D4-brane 

To arrive at a coisotropic D4-brane it is necessary to assume m2 7^ 0, and that in this case 
the gauge superfield Y satisfies the complete boundary conditions eqs. (6.69) and (6.70). 
The first order action now reads, 

5(1) = -/ d^ad^eD'D' { f'jln (l + ^) - ^(in-^)^ 

-iuB+B-Y - iuB+B^Y^ 
+i J drd^e^-^ (In {ww + e^))^ + y ^iln (^^^ + mi In (e^ + wiv)^ 

!)_y + uB+]D)_y|. (6.81) 



—ui 



Variation of the unconstrained superfields u, u allows us to go back to the original model 
with a D3-brane, like we mentioned above. 

In order to find the coisotropic D4-brane, we need to integrate the action (6.81) by 
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parts using the identity eq. (6.15), 



* ^ — y In ss 



+i j dTdH[-'^{\n («;«) + e^))' 

+Y ^iln +mi In [e^ + ww)^ +iY \n |. 



(6.82) 



Varying Y in eq. (6.82) gives the same bulk equations of motion eq. (6.76) as above. 
Prom the boundary condition eq. (6.70) we notice that F, w and w are constrained at the 
boundary and need to be solved in terms of unconstrained complex superfields if we want 
to have the correct boundary variation. One can show that the variation of the boundary 
terms, including boundary contributions of the bulk variation, vanishes provided, 

D ^In ~ imi \uw"w" — m2 In (l — w'w')^ = 0, 

D ^In ^J^j -imi In w"w" + m2 In (l - w'w')^ = 0. (6.83) 

which is indeed consistent with eqs. (6.76), (6.69) and (6.70). The other two Neumann 
boundary conditions can then be derived from eqs. (6.70) and (6.76), 



In (^^^ - m2 In w"w"^ = 0, 



w 



In — + 7712 In w"w" = 0. (6.84) 



The dual model is given by the second order action. 



^dual 



-J d^ad^eD'b' jln{l-t)-^{lnw"w'fj 

+i J dr d^9 | ( In w"vj") ^ + 777i In (l — w'w') In {w"id") 

+i In {w"w") In j + 7 In (1 - w'w') In j }. (6.85) 

One can check the consistency of the dual model by showing that the boundary term 
eq. (4.13) vanishes. However, the boundary conditions eqs. (6.83) and (6.84) imply that w' 
and w" arc constrained at the boundary and that the boundary conditions can be solved 
by introducing chiral boundary superfields. Taking the variation to these boundary fields 
yields a boundary term which vanishes by virtue of eq. (6.83). 
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The Neumann boundary conditions eqs. (6.83) and (6.84) may be written as, 



- , . rrinw'w' — (1 — i mi )(1 — w'w') ^ ,, 

Dw' = I — ^ -Dw" + 

2m2 W W 

.m^w'w' + (1 + i mi )(1 — w'w') ^ _„ 
2m2 w"w' ' 
Dw" = _i^nrnlw'w' -{l + imi){l-w'w') 
2m2 w'{l — w'w') 
„ m\w'w' + (1 + i mi )(1 — w'w 



iw 



2m2 w'{l — w'w') 



Dw', (6.86) 



accompanied by the complex conjugate of these conditions. One can show that the 
Nijenhuis-tensor of the complex structure indeed vanishes. Hence, the dual model is a 
coisotropic D4-brane on D x with the U{1) fieldstrength given by, 

m^w'w'-\-{l — imi){l — w'w') m2w' w' — {1 + i mi){l — w' w') 

zm2 w'w"( \ — w'w') 2m2 w'w"{i — w'w') 

m2w'w' — {1 — imi){l — w'tij') m2w'w' + {1 + imi){l — w'w') 

^w"w' — 7, ~i TTTTT ) i'w'w" = H -/ -11/-, T^TTT • 

2m2w'w"{\ — w'w') 2m2w'w"{\ — w'w') 

(6.87) 



This is an interesting example of a maximally coisotropic D-brane as the target manifold 
D X is not hyper-Kahler^^ in contrast with previously studied examples of coisotropic 
branes [32], [33], [34] and [19]. 

6.4 Dualizing a chiral/twisted chiral pair to a semi-chiral multiplet 

While we will discuss D-branes in a semi-chiral geometry in detail in [20] we can already gain 
some insights by using the duality transformation proposed in [29] which - if an appropriate 
isometry is present - allows one to dualize a pair consisting of a chiral and a twisted 
chiral superfield into a semi-chiral superfield and vice- versa. In [35], [36], [30] and [31], 
the underlying gauge theory structure has been developed and T-duality transformations 
were discussed. We first briefly review the case without boundaries closely following the 
treatment in [30] . Consider a system described by a single chiral superfield z and a single 
twisted chiral superfield w. The potential has the form, 

V = V[z + z,w + w,i{z-z-w + w)). (6.88) 

We introduce three unconstrained real superfields Y, Y and Y and construct the complex 
combinations, 

Yl = Y + i{Y -Y), Yr = Y + i{Y + Y). (6.89) 

^'^This can easily be seen from the fact that the Kahler potential does not satisfy the Monge-Ampere 
equation, — = h{w' ,w")h{w' ,11}") with h some non-vanishing holomorphic func- 

tion. 
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Note that Yl and Yr are not independent as Yl + Yl = Yji + Yr. With this we write down 
the first order action, 

5(1) = 4 J (fa(fe(fd^V{Y,Y,Y) + v+B+YL + v+'B+YL + 

v-J^-Yr + v-B^Yr.'^ (6.90) 

Integrating over the unconstrained complex fermionic Lagrange multipUers and puts 
the semi-chiral gauge invariant fieldstrengths to zero: F_|_ = F_|_ = F_ = F_ = where, 

¥+ = iB+YL, ¥+ = iI]>+YL, ¥^ = iB^Yr, F_ = zD-Yij. (6.91) 

This is solved by putting Yl = 2i{z — w) and Yr = 2i{z + w) which brings us back to the 
original model. If on the other hand we integrate over Y, Y and Y, we obtain the dual 
model which is now a function of the semi-chiral fields r = D+f f = D+^;'^, s = B-v' 
and s = B^y-. They satisfy D+r = D+f = B^s = D_s = [6]. 

We now consider boundaries as well. For concreteness we will start from the D3- 
brane on T^, discussed in section 5.1.2, as an explicit example. For simplicity we choose 
a = ia ^ and P = ib, a,b e M., which results in a Dirichlet boundary condition of the 
form, 

— i (^w — w) = —i - (^z — z) . (6.92) 
Using a general Kahler transformation we write the potential as, 

V {^z + z,w + w, i[z — z — w + wjj = — ^ — yz + zj H ^ — [w + w) + 

^{z-z-w + wf, (6.93) 
where 5 G M and g {0, ±1}. This in its turn implies a boundary potential, 

Wi^z + z,w + w, i{z — z — w + w)) = i g [w + id) (^z — z — w + w), (6.94) 

where once more we simplified the expressions by taking f(z, ^) = in eq. (5.7). With this 
we write the first order action, 

5(1) = - J (fa (fe D'b' (y{Y, Y, Y) + u+ B+Yl + ■D+ B+Yl + V- B_ Yr + v' D_ y) 

+i J dr (fe {W{Y, Y, Y) - i v+ D+Yl + i D+Yl + i v' B-Yr - i D_Yr) . (6.95) 

Integrating over the Lagrange multipliers and brings us back to the original model. 
Integrating by parts, we rewrite the first order action as. 



'(1) 



J (fa(f9 D'b' (v(Y, Y,Y) + iY{r-f + s-s)-iY{r-f-s + s) 

+Y(r + f+s + s)) +i j drcfe (w{Y,Y ,Y) + Y{r + f - s - s) 

-Y[r + f+s + s)-iY[r-f-s + s)\. (6.96) 
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The bulk equations of motion for Y, Y and Y give, 



Y = — 



9 + 
i 



-[r-r + s-s), 



Y = — '- — [r — r — s + s), 
5-1 

Y = ^(r + f+s + s), (6.97) 

from which we get the dual potential, 

1 2 1 2 

Vdualir, f, s, s) = 2(^g + i^ {r-f + s-s) + _ {r - f - s + s) 

+ ^ (r + f + s + s)^. (6.98) 

The treatment of the boundary terms requires more care. Once more we have to 
distinguish two cases: a = b and a ^ b. The former will yield a D2-brane while the latter 
gives a D4-brane. 

1. a = b 



From eq. (6.92) we find that the gauge fields satisfy a Dirichlet boundary condition, 

Y = 0. (6.99) 

Implementing this in the boundary term of eq. (6.96) we find that integrating over Y and 
Y yields two Dirichlet boundary conditions in the dual model, 

r + f= s + s = 0, (6.100) 

which is consistent with eqs. (6.99) and (6.97). As will be shown in [20], a Dirichlet 
boundary condition on a semi-chiral supcrficld is always paired with a Neumann boundary 
condition, analogous to what happens for a twisted chiral superfield. So we end up with D2- 
brane whose position is determined by eq. (6.100). The dual generalized Kahler potential 
is given by eq. (6.98) and the dual boundary potential vanishes, W^ualii^-, ^-i s) = 0. 

ii. a 7^ 6 



In order that our expressions are not unnecessarily cluttered we choose a = 1 and 6 = 
(other choices yield similar results as long as a 7^ 6). We find now that eq. (6.92) implies 
the boundary conditions, 

0{Y -iY) =0{Y + iY) =0. (6.101) 

This means that Y — iY is a boundary chiral field. Integrating over Y in the boundary 
term of eq. (6.96) gives an expression equivalent to the last of eq. (6.97). When integrating 
over Y and Y in the boundary term, we need to take the fact that they are constrained - 
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as expressed by eq. (6.101) - properly into account. We find that the variation vanishes 
provided the following two Neumann boundary conditions hold, 

B{gr+ig-2)f-gs-{g-2)s) =0, 

B{{g-2)r + gf-ig-2)s-gs)=0. (6.102) 

Using eq. (6.97) we can write eq. (6.101) in the second order formalism which yields two 
more Neumann boundary conditions, 

D(r + (1 + 2g)r + s + (1 + 2g)s) = 0, 

D((l + 2g)r + f + (1 + 2g)s + s) = 0. (6.103) 

So now we end up with a D4-brane. Note that the boundary conditions eqs. (6.102) 
and (6.103) imply the existence of an additional complex structure similar to maximally 
coisotropic branes on T'^. The generalized Kahler potential is given by eq. (6.98) while the 
boundary potential is now given by, 

Wdual {r, f,s,s) = - ^^^^ {{r + s){{l + 2g){r-s)-{f- s)) 

-(f + s)((l + 2g){f-s) - (r - s))}. (6.104) 

In fact this particular example already perfectly illustrates the two possible types of 
boundary conditions one can have when dealing with a semi-chiral multiplet: either one 
has 2 Dirichlet and 2 Neumann conditions or one has 4 Neumann conditions [20] . 

7. Conclusions and discussion 

We investigated the allowed boundary conditions for a non-linear cr-model in A^" = 2 bound- 
ary superspace parameterized by chiral and twisted chiral superfields. This corresponds to 
classifying D-branes in a bihermitian target manifold geometry for which the two complex 
structures commute. There is no need to distinguish between A- and B-type superspace 
boundaries as changing the superspace boundary from B-type (which we used through- 
out the paper) to A-type amounts to exchanging the chiral superfields for twisted chiral 
superfields and vice- versa. Having ra, n G N chiral superfields and 2mi + m2, rrii G N, 
m2 G {0, 1}, twisted chiral superfields we found that Dp-brane configurations are possible 
where p = 2{a + h+m\) + m2 with a G {0, 1, 2, • • • ,n} and 6 G {0, 1, 2, ■ ■ ■ ,mi}. Whenever 
6 7^ one needs an additional complex structure on (a subspace of) the target manifold. 

In fact after the initial exploration of semi-chiral fields in the presence of boundaries 
in section 6.4 we can already anticipate on the results of [20] and illustrate the emerging 
general picture. In table 1 we summarize the various N = (2, 2) superfields and list their 
components in iV = 2 boundary superspace. Chiral fields give rise to constrained boundary 
superfields while twisted chiral and semi-chiral fields give unconstrained boundary super- 
fields. Looking at the unconstrained boundary superfields one realizes immediately that 
imposing a Dirichlet boundary condition on them implies a Neumann boundary condition 
as well. A second type of boundary conditions for the unconstrained boundary superfields is 
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Table 1: The three types of N = (2, 2) superfields together with their reduction to A'' = 2 boundary 
superspace. 



N = (2,2) fields 


N = (2,2) constraints 


iV = 2 fields 


boundary type 


chiral: z, z 


B±z = I])±z = 


z, O'z, z, B'z 


constrained 


twisted chiral: w, w 


O+w = B^w = 0, 
B+w = B^w = 


w, w 


unconstrained 


semi-chiral: r, f, s, s 


B+r = B+f = 0, 


r, f, ,s, s 


unconstrained, the 




lD)_s = D_s = 


B'r, B'f, B's, B's 


last 4 are auxiliary 



obtained by requiring that a certain combination of them becomes chiral on the boundary. 
For this one needs an additional complex structure on a subspace of the target manifold. 
All these cases were illustrated in the examples developed in sections 5 and 6. 

In order to make direct contact with string compactifications we have to address the 
study of D-branes in the six dimensional case. With what we have learned from the previous 
we find that we can distinguish six different cases according to their superfield content. 

1. 3 chiral superfields 

These arc B-branes on a Kahler manifold. We can have DO-, D2-, D4- or D6-branes 
wrapping on holomorphic cycles. 

2. 2 chiral superfields and one twisted chiral superfield 

We can have D1-, D3- or D5-branes on a bihermitian manifold with commuting 
complex structures. 

3. 1 chiral superfield and two twisted chiral superfields 

The manifold is bihermitian with commuting complex structures. It allows for D2- or 
D4-branes with the standard boundary conditions for the twisted chiral superfields. 
However, if the manifold allows for generalized coisotropic boundary conditions on 
the twisted chiral superfields one gets in addition a new type of D4-branes and D6- 
branes. 

4. 3 twisted chiral superfields 

Here we are dealing with A-branes on Kahler manifolds. Either we have a lagrangian 
D3-brane or a coisotropic D5-brane. 

5. 1 chiral superfield, and a semi-chiral multiplet 

The manifold is bihermitian and the kernel of the commutator of the two complex 
structures is 2-dimensional. If one imposes Dirichlet boundary conditions in the semi- 
chiral directions one can have D2- or D4-branes. Having full Neumann boundary 
conditions in the semi-chiral directions gives either D4- or D6-branes. 

6. 1 twisted chiral superfield and a semi-chiral multiplet 

The manifold is bihermitian and the kernel of the commutator of the two complex 
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structures is 2-dimensional. If one imposes Dirichlct boundary conditions in the semi- 
chiral directions one can have a D3-brane. Having full Neumann boundary conditions 
in the semi-chiral directions gives a D5-brane. 

One sees that even in very simple geometries such as tori - which can be described in terms 
of any of the field combinations listed above - there is a wealth of D-brane configurations 
compatible with the N = 2 supersymmetry. This might have interesting consequences 
for model building using intersecting brane configurations (see e.g. [34] where the use of 
coisotropic branes in such settings was initialized). 

Note from the discussion above that DO- and Dl-branes preserving the N = 2 su- 
persymmetry are relatively "rare" . Indeed DO-branes can only occur on Kahler manifolds 
solely described in terms of chiral fields. On the other hand we find that Dl-branes require 
a target manifold geometry described in terms of a single twisted chiral and an arbitrary 
number of chiral superfields. 

The present analysis clearly motivates a thorough study of semi-chiral superfields in 
the presence of boundaries as well [20]. One potentially interesting approach could be to 
"linearize" the model along the lines of [37]. Indeed there it was shown that any model 
described in terms of m semi-chiral multiplets is equivalent to a gauged cr-model in terms 
of 2m chiral and 2m twisted chiral superfields. While the ungauged model has an indefinite 
metric, we do not see any obvious obstruction to apply the results obtained in this paper 
to this particular instance. 

It is clear that it would be desirable to have a better (global) geometric characteri- 
zation of these models, e.g. by combining the present results with those in [17] and [16]. 
Presumably a formulation in terms of generalized complex geometry (sec e.g. [23]) will 
clarify many issues. Indeed, it has been shown [38] that the correct generalization of the 
notion of A and B branes in this context corresponds to that of a generalized complex 
submanifold of a generalized Kahler manifold. This is presently under investigation. 

The study of the duality transformations between chiral and twisted chiral superfields 
led to a surprisingly simple method to construct new examples of coisotropic D-branes. In 
particular we explicitly constructed the first example of a coisotropic D-brane on a manifold 
which is not hyper-Kahler. The method developed in the examples can easily be extended 
to a general construction. Take e.g. a model with generalized Kahler potential given by 
V{z + z,'w + w) and a prepotential Q{z + z,w + w). We consider a D3-brane with Dirichlet 
boundary condition, 

-i{w-w) = -yjj-ia{z-z), (7.1) 

where a G M and where a prime denotes a derivative with respect to w. The boundary 
potential W is then given by, 

O'V 

W = Q-'^. (7.2) 
When dualizing the chiral to a twisted chiral field we distinguish to cases: 

• a = resulting in a dual model where a D2-brane wraps a lagrangian submanifold. 
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• a 7^ resulting in a dual model where we have a space filling coisotropic D4-brane. 

Another immediate application of the present results would be an analysis of the /3- 
functions for the models discussed. As shown in [39] , such a calculation is greatly facilitated 
by doing it in = 2 superspace which automatically gives the stability conditions that 
are satisfied by supersymmetric configurations. A particularly simple and straightforward 
exercise would be the calculation of the 1-loop /^-function for the maximally coisotropic 
D4-brane on constructed in section 6.2.1 and this would make a direct connection with 
the results developed in [40]. 

Finally, the present analysis could perhaps allow to simplify some of the results in [41] 
by reformulating the gauged linear a-models in A" = 2 boundary superspace. 
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A. Conventions, notations and identities 

We denote the worldsheet coordinates by r G M and cr G M, cr > 0. Sometimes we use 
worldsheet light-cone coordinates, 

(T^=r + (T, a~ = T — a. (A.l) 

The N = (1,1) (real) fermionic coordinates are denoted by 9^ and 9~ and the correspond- 
ing derivatives satisfy, 

Dl = -'-d^, Dl = -'-d=, {D+,D^} = 0. (A.2) 

The N = (1,1) integration measure is explicitely given by, 

j (fa(fe = J(faD+D^. (A.3) 

Passing from N = (1,1) to A = (2,2) superspace requires the introduction of two more 
real fermionic coordinates 9'^ and 0~ where the corresponding fermionic derivatives satisfy, 

and again all other - except for (A.2) - (anti-)commutators do vanish. The N = (2, 2) 
integration measure is, 

j Sa(f9S9 = J (faD+D-D+D-. (A.5) 
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Quite often a complex basis is used, 

B± = D± + iD±, B± = D±-iD±, (A.6) 

which satisfy, 

{B+,B+} = -2id^, {lS>-,B-} = -2id=, (A.7) 

and all other anti-commutators do vanish. 

When dealing with boundaries in. N = (2, 2) superspace, we introduce various deriva- 
tives as linear combinations of the previous ones. We summarize their definitions together 
with the non-vanishing anti-commutation relations. We have, 

D = D+ + b = b+ + D-, 

D' = D+- D^, b' = b+- (A.8) 

with, 

= b^ = D'^ = b'^ = -'-dr, 

2 

{D,D'} = {b,b'} = -id,. (A.9) 

In addition we also use, 

B = B+ + B^ = b + iD, B' = B+ -B^ = b' + iD', 

B = B+ + B^=b-iD, & = B+-B^ = b' -iD'. (A.IO) 

They satisfy, 

{D,D} = {D',D'} = -2idr, 

{!},&} = {B','D} = -2i da. (A.ll) 
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